Berinde and Borcut (Nonlinear Anal. 74(15):4889-4897, 2011) have quite recently defined the notion of a triple fixed point and proved some interesting results related to this concept in a partially ordered metric space. In this work we prove some triple fixed point theorem for a mixed monotone mapping satisfying nonlinear contractions in the framework of a generalized metric space endowed with partial order while the idea of a generalized metric space introduced by Mustafa and Sims (J. Nonlinear Convex Anal. 7:289-297, 2006). Further we prove the uniqueness of a coupled fixed point for such a mapping in this setting.
Introduction and preliminaries
The Banach contraction principle [] is the most famous, simplest and one of the most versatile elementary results in fixed point theory. Fixed point theory is a very useful tool in solving a variety of problems in control theory, economic theory, nonlinear analysis and global analysis. A huge amount of literature is witnessed on applications, generalizations and extensions of this principle carried out by several authors in different directions, e.g., by weakening the hypothesis, using different setups, considering different mappings etc.
In , Bhaskar and Lakshmikantham [] initiated the study of a coupled fixed point and proved some coupled fixed point theorems for a mixed monotone operator in a partially ordered metric space. As an application of the coupled fixed point theorems, they obtained the existence and uniqueness of the solution of a periodic boundary value problem. In recent past, Lakshmikantham and Ćirić [] determined some coupled coincidence and coupled common fixed point theorems for nonlinear contractions in partially ordered complete metric spaces. Most recently, the concept of a triple fixed point has been studied in partially ordered complete metric spaces for nonlinear contractions by Berinde and Borcut [] , who obtained the existence and uniqueness theorems for contractive type mappings in this setup which was later on studied by many authors. A large list of references can be found, for example, in the papers [-] .
The concept of a generalized metric space was introduced and studied by Mustafa and Sims [] and was later used to determine coupled fixed point theorems and related results by a number of authors [-] . We shall assume throughout this paper that the symbols http://www.fixedpointtheoryandapplications.com/content/2012/1/179 R and N will denote the set of real and natural numbers respectively. Now, we recall some definitions, notations and preliminary results which we will use throughout the paper.
Given a nonempty set X, a mapping G : X × X × X → R is called a generalized metric (for short, G-metric) on X and (X, G) a generalized metric space or simply a G-metric space if the following conditions are satisfied:
The concepts of convergence and Cauchy sequences and continuous functions in a G-metric space are studied in [] .
Let (X, G) be a G-metric space and f : X → X be a mapping. Then f is said to be G-continuous at a point x ∈ X if and only if it is G-sequentially continuous at x; that is, whenever (x n ) is G-convergent to x, we have (f (x n )) is G-convergent to f (x).
Proposition . ([])
Let (X, G) be a G-metric space and (x n ) be a sequence in X. Then, for all x ∈ X, the following statements are equivalent:
Proposition . ([])
Let (X, G) be a G-metric space and (x n ) be a sequence in X. Then the following statements are equivalent:
Let (X, G) be a G-metric space and F : X × X × X → X be a mapping. Then a map F is said to be continuous [] in (X, G) if for every G-convergent sequence x n → x, y n → y and z n → z, (F(x n , y n , z n )) is G-convergent to F(x, y, z). http://www.fixedpointtheoryandapplications.com/content/2012/1/179 Bhaskar and Lakshmikantham [] defined and studied the concepts of a mixed monotone property and a coupled fixed point in a partially ordered metric space. Quite recently, the notions of the mixed monotone property for the mapping F : X × X × X → X and a tripled fixed point were introduced by Berinde and Borcut [] as follows.
Let (X, ≤) be a partially ordered set and F : X × X × X → X be a mapping. Then a map F is said to have the mixed monotone property if F(x, y, z) is monotone non-decreasing in x and z, and is monotone non-increasing in y; that is, for any x, y, z ∈ X,
An element (x, y, z) ∈ X × X × X is said to be a tripled fixed point of the mapping F :
The main results of Berinde and Borcut are as follows. 
for all x u, y v, z w. Assume that either (a) F is continuous or (b) X has the following property:
Motivated by [], we determine in this paper some triple fixed point theorems for nonlinear contractions in the framework of partially ordered generalized metric spaces and obtain uniqueness theorems for contractive type mappings in this setting.
Main results
In this section, we establish some tripled fixed point results by considering maps on generalized metric spaces endowed with partial order. Before proceeding further, first, we define the following function which will be used in our results. http://www.fixedpointtheoryandapplications.com/content/2012/1/179
Let (x n ), (y n ) and (z n ) be any three sequences of nonnegative real numbers. Denote with the set of all functions θ :
An example of such a function is as follows:
Now, we are ready to prove our main results.
Theorem . Let (X, ) be a partially ordered set and G be a G-metric on X such that (X, G) is a complete G-metric space. Suppose that F : X × X × X → X is a continuous mapping having the mixed monotone property. Assume that there exists θ ∈ such that G F(x, y, z), F(s, t, u), F(p, q, r) + G F(y, x, z), F(t, s, u), F(q, p, r)
for
all x, y, z, s, t, u, p, q, r ∈ X with x s p and y t q and z u r, where either s
for all n ≥ . Due to the mixed monotone property of F, we can find
By straightforward calculation, we obtain
Assume that there exists a nonnegative integer n such that
It follows that
From the definition of G-metric space, we have x n+ = x n , y n+ = y n and z n+ = z n . It follows from (.) that (x n , y n , z n ) is a triple fixed point of F. Now, we suppose that for all http://www.fixedpointtheoryandapplications.com/content/2012/1/179
Using (.) and (.), we have
then a sequence (γ n ) is monotone decreasing. Therefore, there exists some γ ≥  such that
We shall claim that γ = . On the contrary, suppose that γ > , we have from (.)
Letting n → ∞, we get
Using the property of the function θ , we have
So, we have
which is a contradiction in virtue of (.). Thus, γ = . From (.) we have
Now, we have to show that (x n ), (y n ) and (z n ) are Cauchy sequences in the G-metric space (X, G). On the contrary, suppose that at least one of (x n ), (y n ) or (z n ) is not a Cauchy sequence in (X, G). Then there exists >  for which we can find subsequences (
We may also assume
by choosing k(j) to be the smallest number exceeding l(j) for which (.) holds. From (.) and (.), and using the rectangle inequality, we obtain
Letting j → ∞ in the above inequality and using (.), we get
Again, by using the rectangle inequality, we obtain
By using Lemma ., the above inequality becomes This implies
Using (.) and (.), (.) becomes
Taking the limit as j → ∞, we obtain
Using the property θ (x n , y n ) →  implies x n , y n → , we get
Therefore, α j → , which is a contradiction and hence (x n ), (y n ) and (z n ) are Cauchy sequences in the G-metric space (X, G). Since (X, G) is a complete G-metric space, hence (x n ), (y n ) and (z n ) are G-convergent. Then there exist x, y, z ∈ X such that (x n ), (y n ) and (z n ) are G-convergent to x, y and z respectively. Since F is continuous. Letting n → ∞ in (.), we get x = F(x, y, z), y = F(y, x, y) and z = F(z, y, x). Thus, we conclude that F has a tripled fixed point.
Theorem . Let (X, ) be a partially ordered set and G be a G-metric on X such that (X, G) is a complete G-metric space. Suppose that there exist θ ∈ and a mapping F : X × X × X → X having the mixed monotone property such that G F(x, y, z), F(s, t, u), F(p, q, r) + G F(y, x, z), F(t, s, u), F(q, p, r) + G F(z, y, x), F(u, t, s), F(r, q, p) ≤ θ G(x, s, p), G(y, t, q), G(z, u, r) G(x, s, p) + G(y, t, q) + G(z, u, r) , (  .   )
for all x, y, z, s, t, u, p, q, r ∈ X with x s p, y t q and z u r where either s = p or t = q or u = r. Assume that X has the following property: http://www.fixedpointtheoryandapplications.com/content/2012/1/179
then F has a triple fixed point.
Proof Proceeding along the same lines as in Theorem ., we obtain a non-decreasing sequence (x n ) converges to x, a non-increasing sequence (y n ) converges to y and a nondecreasing sequence (z n ) converges to z for some x, y, z ∈ X. Since x n x, y n y and z n z for all n. If x n = x, y n = y and z n = z for some n ≥ , then by construction, x n+ = x, y n+ = y and z n+ = z. Thus, (x, y, z) is a tripled fixed point of F. So, we assume either x n = x or y n = y or z n = z for all n ≥ . Then by using (.) and the rectangle inequality, we have
Letting n → ∞ in the above equation, we get
Thus, x = F(x, y, z), y = F(y, x, z) and z = F(z, y, x) and hence (x, y, z) is a tripled fixed point of F.
Corollary . Let (X, ) be a partially ordered set and G be a G-metric on X such that (X, G) is a complete G-metric space. Suppose that F : X × X × X → X is a mapping having the mixed monotone property and assume that there exists μ ∈ such that G F(x, y, z), F(s, t, u), F(p, q, r)
for all x, y, z, s, t, u, p, q, r ∈ X with x s p, y t q and z u r, where either s = p or t = q or u = r. Suppose that either (a) F is continuous or (b) X has the following property: http://www.fixedpointtheoryandapplications.com/content/2012/1/179
, then F has a triple fixed point. Proof For all x, y, z, s, t, u, p, q, r ∈ X, write   G F(y, x, z), F(t, s, u), F(q, p, r) ≤
Adding (.), (.) and (.), we get
G F(x, y, z), F(s, t, u), F(p, q, r) + G F(y, x, z), F(t, s, u), F(q, p, r) + G F(z, y, x), F(u, t, s), F(r, q, p)
. It is easy to verify that θ ∈ . Applying Theorems . and ., we get the desired result.
Corollary . Let (X, ) be a partially ordered set and G be a G-metric on X such that (X, G) is a complete G-metric space. Suppose that F : X × X × X → X is a mapping having a mixed monotone property and assume that there exists k
for all x, y, z, s, t, u, p, q, r ∈ X with x s p, y t q and z u r, where either s = p or t = q or u = r. Suppose that either (a) F is continuous or (b) X has the following property: Proof It follows from Theorem . that the set of coupled fixed points is nonempty. Suppose (x, y, z) and (s, t, u) are triple fixed points of the mapping F :
s, t) and u = F(u, t, s).
We shall now show that x = s, y = t and z = u. By assumption, there exists (p, q, r) in X × X × X that is comparable to (x, y, z) and (s, t, u). Put p = p  , q = q  and r = r  , and choose
. Thus, we can define three sequences (p n ), (q n ) and (r n ) as
Since (p, q, r) is comparable to (x, y, z), we can assume that (x, y, z) (p, q, r) = (p  , q  , r  ).
Then it is easy to show that (p n , q n , r n ) and (x, y, z) are comparable; that is, (x, y, z) (p n , q n , r n ) for all n. Thus, from (.) we have Similarly, we can prove the following statement:
Theorem . In addition to the hypothesis of Theorem ., suppose that for all (x, y, z), (s, t, u) ∈ X × X × X, there exists (p, q, r) ∈ X × X × X that is comparable with (x, y, z) and (s, t, u). Then F has a unique triple fixed point.
